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Abstract. We show that, if A is a separable simple unital C* -algebra which 
absorbs the Jiang— Su algebra Z tensorially and which has real rank zero and 
finite decomposition rank, then A is tracially AF in the sense of Lin, with- 
out any restriction on the tracial state space. As a consequence, the Elliott 
conjecture is true for the class of C* -algebras as above which, additionally, 
satisfy the Universal Coefficients Theorem. In particular, such algebras are 
completely determined by their ordered i\-theory. They are approximately 
homogeneous of topological dimension less than or equal to 3, approximately 
subhomogeneous of topological dimension at most 2 and their decomposition 
rank also is no greater than 2. 



0. Introduction 

It is the aim of the Elliott classification program to find complete iC-theoretic 
invariants for separable simple nuclear C*-algcbras. For purely infinite C*-algebras, 
this task was accomplished by Kirchberg and Phillips, and there are numerous 
classification results for special inductive limits of (sub) homogeneous C*-algebras, 
cf. \H>\ for an overview. However, Toms (in the stably finite case) and R0rdam 
(in the infinite case) have given examples which show that the Elliott invariant, at 
least in its current form (cf. ^Sjj Section 2.2), is not complete for the class of all 
simple nuclear C*-algebras. The construction of these counterexamples is based on 
techniques introduced by Villadsen; they involve limits of homogeneous C*-algebras 
with 'fast dimension growth', i.e., the covering dimension of the underlying base 
spaces grows faster than the vector space dimension of the matrix algebras which 
occur as fibers. 

It is interesting to ask for a subclass of separable simple nuclear C* -algebras which 
can be described in a natural way and, at the same time, contains the classes which 
have been classified so far, but excludes the known counterexamples to the Elliott 
conjecture. There is growing body of evidence that a very useful notion of 'good' 
behavior for simple C*-algebras is the concept of Z-stability, i.e., the property of 
absorbing the Jiang-Su algebra Z tensorially. This algebra was constructed by 
Jiang and Su in JE]; it is a simple, stably finite and infinite dimensional C*-algebra 
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which is ifA'-equivalent to the complex numbers. In some sense, the algebra Z 
might be thought of as a stably finite analogue of the Cuntz algebra Ooo (cf. ^H] 
and |201 )• None of the above mentioned counterexamples is Z-stable, but virtually 
all classes for which the Elliott conjecture has been confirmed so far consist of Z- 
stable C*-algebras (HOI)- O n the other hand, at the present stage it is not known 
how ^-stability alone can be used to obtain classification results, but in these notes 
we show that, in combination with other natural conditions, it can indeed be used 
to verify the Elliott conjecture for a large class of stably finite simple nuclear C*- 
algebras. 

Z-stable C*-algebras behave very well in many respects (cf. [2J, [1] and ^Ej). For 
instance, a separable simple nuclear iJ-stable C*-algebra is either purely infinite 
or stably finite (in which case it has weakly unperforated -ftTo-group and satisfies 
Blackadar's second fundamental comparability property). Moreover, a stably finite 
separable simple iJ-stable C* -algebra has real rank zero if and only if the positive 
part of the ordered Ko-group has dense image in the positive continuous affine 
functions on the tracial state space. If one thinks of the tracial state space T(A) 
as an underlying space of a Z-stable and stably finite nuclear C*-algebra A, one 
might regard the elements of A as continuous affine functions on T(A). Then A 
has real rank zero (i.e., elements with finite spectrum are dense in the subspace of 
all self-adjoint elements of A, cf. £Q) precisely if Kq(A)+ is dense in A + in the (in 
general non-Hausdorff) topology coming from T(A). In view of this observation it 
is natural to look for classification results in the real rank zero case first. 

The known classification theorems for approximately homogeneous (AH) or ap- 
proximately subhomogeneous (ASH) C*-algebras all use conditions involving topo- 
logical covering dimension of the underlying base spaces. This point of view was also 
pursued in |24j . where we verified the Elliott conjecture for separable simple uni- 
tal C* -algebras with finite decomposition rank and compact and zero-dimensional 
space of extremal tracial states. (The decomposition rank is a notion of covering 
dimension for nuclear C*-algebras introduced in 7 by E. Kirchberg and the au- 
thor; cf. also [21] and [221 • ) Similar results were obtained in [2] and [TT], under 
the additional assumption that the algebras have only countably many extremal 
tracial states. In the (locally) AH real rank zero case, the trace space conditions 
are not necessary, as was shown in and In the present article we show 

that the condition of |2U on the tracial state space can be removed if the algebras 
in question are ,2-stable - in other words, we verify the Elliott conjecture for the 
class of separable simple unital Z-stable C*-algebras with real rank zero and finite 
decomposition rank (satisfying the UCT). Following the lines of [22, we do not 
prove a classification result directly. Instead, we show that ^-stability, real rank 
zero and finite decomposition rank together imply tracial rank zero; classification 
will then follow from a theorem of Lin. As a consequence, our algebras have decom- 
position rank no greater than 2, and they are AH of topological dimension less than 
or equal to 3 and ASH of topological dimension at most 2. Moreover, we conclude 
from [H] and [20j that, if A has finite decomposition rank and real rank zero, then 
A is iJ-stable if and only if it is approximately divisible. 

I would like to thank Ping Wong Ng, Andrew Toms and, in particular, Nate 
Brown for helpful comments and inspiring conversations. 
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1. Real rank zero, decomposition rank and order zero maps 

Below we recall the definitions of decomposition rank and of order zero maps and 
describe the particular situation for real rank zero algebras. 

1.1 Definition: (cf. 0, Definitions 2.2 and 3.1) Let A and F be separable C* - 
algebras, F finite-dimensional. 

(i) A completely positive map ip : F — > A has order zero, ordy = 0, if it preserves 
orthogonality, i.e., tp{e)tp{f) = (p(f)tp(e) = for all e,f € F with ef = fe = 0. 

(ii) A completely positive map ip : F — > A is n-decomposable, if there is a decom- 
position F = -Fo © • • • © F n such that the restriction of ip to Ft has order zero for 
each i G {0, . . . , n}; we say ip is n-decomposable with respect to F = Fo © . . . © F n . 
(Hi) A has decomposition rank n, dr A — n, if n is the least integer such that the 
following holds: Given {b\, . . . ,b m } C A and e > 0, there is a completely positive 
approximation (F, ip, ip) for b\, . . . , b m within e (i.e., F is a finite- dimensional C*- 
algebra and ip : A — * F and ip : F — >■ A are completely positive contractive and 
\\tpip(bi) — bi\\ < e) such that ip is n-decomposable. If no such n exists, we write 
dr A = oo . 

1.2 Let ip : F — > A be an order zero map. We say a *-homomorphism o~ v : F — > A" 
is a supporting *-homomorphism for ip, if 

(1) ip(x) = p(1f)o- ip (x) = a ip (x)p(l F ) VxeF. 

By |24j . 1.2, any order zero map has a supporting *-homomorphism. Moreover, 
each positive contractive q G C* (p(\f)) defines a completely positive contractive 
order zero map ip q : F — > A by 

<p q {.) :=qa 9 (.). 

It is clear from that q commutes with <p(F). If q happens to be a projection, 
then <p q is a *-homomorphism by |21| . Proposition 3.2. 

1.3 Following [23 , Definition 2.2, we say that a completely positive map 

ip:F = M ri © . . . © M r3 — » A 

is a discrete order zero map, if ord(p = and each ip(lM r ), i = l,...,s, is a 
multiple of a projection. The next lemma says that, if A has real rank zero, then 
any order zero map into A can be approximated by discrete order zero maps. 

Lemma: ( 24 , Lemma 2.4) Let A and F be C* -algebras, A with real rank zero and 
F finite- dimensional. Suppose ip : F — >■ A is completely positive contractive with 
order zero and let S > be given. Then there are a unital embedding i : F — > F of F 
into some finite- dimensional C* -algebra F and a discrete order zero map (p : F — > A 
such that f>(lp) < <p0-f) and \\p{x) — (p o l(x)\\ < S ■ \\x\\ for all ^ x G F. 

1.4 PROPOSITION: f^\. Proposition 2.5) Let A be a C* -algebra with real rank 
zero and decomposition rank n. For any finite subset {b\, . . . , bk} G A and e > 0, 
there is a c.p. approximation (F, ip, <p) such that ip is discretely n-decomposable and 

yiPib^-bjl WiPib^iPik) - ipib^W < e for j, l = 1, . . . ,k . 
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2. The Jiang-Su algebra and approximate tracial division 

Below we recall some facts about the Jiang-Su algebra Z and establish one of the 
technical tools for the proof of our main theorem. 

2.1 For relatively prime natural numbers p and q define their prime dimension drop 
interval to be the C* -algebra 

I[P, q] ■= {/ 6 C([0, 1], M p ® M q ) | /(0) g 1m, ® M q , /(l) G M p ® 1 M J . 

In Jiang and Su constructed an infinite-dimensional simple unital C*-algebra 
Z, which is ifi^-equivalent to C and has a unique normalized trace f . It can be 
written as an inductive limit of prime dimension drop intervals; moreover, there is 
a unital embedding of any prime dimension drop interval into Z. 

2.2 The Jiang-Su algebra is strongly self-absorbing in the sense of 19 . In particular 
this means that, if A is unital and iJ-stable, there exists a sequence 

{0 n :A®Z^ A) neN 

of unital *-homomorphisms which satisfies 

||0„(a®ls)-a|| "^OVaeA 

(cf. US], Remark 2.7). 

2.3 Let A be simple and unital. By 4 , A and A® Z have isomorphic Elliott 
invariants iff the ordered group Kq{A) is weakly unperforated. In |18|. Toms has 
given an example of a simple unital C* -algebra with weakly unperforated i^Q-group 
which is not Z-stable; this is a counterexample to the Elliott conjecture. It is 
not known, although well possible, if real rank zero and finite decomposition rank 
together do imply Z-stability. At least we have the following 

Theorem: Let A be a separable simple unital C* -algebra with real rank zero and 
finite decomposition rank. Then, A and A® Z have isomorphic Elliott invariants; 
furthermore, A® Z has real rank zero and finite decomposition rank. 

PROOF: By [23], Theorem 3.9, K {A) is weakly unperforated, so A and A®Z have 
isomorphic Elliott invariants. By [23], Corollary 5.2, Kq{A)+ is dense in Aff{T{A))+ 
(the positive continuous affine functions on the Choquet simplex T{A)), whence 
Kq{A ® Z) + is dense in AS{T{A ® Z)) + . But now it follows from [TB], Theorem 
7.2, that A® Z has real rank zero; dr {A ® Z) is finite by 0, 3.2. I 

2.4 The next two lemmas will provide a method of dividing elements of a Z-stable 
C*-algebra approximately with respect to traces. They mark a key step in the 
proof of our main result, Theorem 14. II 

Lemma: For any n G N and < [3 < l/2(n + 1) there is a completely positive 
contractive order zero map g : C" +1 — > Z such that ?(g(ei)) > (3 for i = 1, . . . , n+1, 
where the ej denote the canonical generators of C" +1 . 

Proof: Choose k G N such that 



k 2 \2{n+l) J ' 

Set p := k ■ (n + 1) and q := p+ 1. Let k : C([0, 1]) — > I[p, q] be the canonical unital 
embedding and i : I[p, q] — > Z a unital *-homomorphism; such an t always exists 

(cf.Ej. 
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Since tojok is a state on C([0, 1]), it is straightforward to find orthogonal positive 
normalized functions /o and /i in C([0, 1]) such that 

, , f n + 1 f 1 

and/ (l) = /i(0) = 0. 
Next, define a completely positive contractive map tp : M q © M p — > /[p, gj by 

V : = /o • (1m p ® id M J + /i • (idM p ® ImJ ; 

it is straightforward to check that <p has order zero. 

Let go : C™ +1 — > M 9 and £i : C" +1 — ► M p be *-homomorphisms such that the 
projections Qj(ei) have rank k for j = 0, 1 and i = 1, . . . , n + 1. Define a completely 
positive contractive map p : C rl+1 — > J[p, g] by 

q := <p o (g © gi) . 

Being the composition of an order zero map and a *-homomorphism, g again has 
order zero. 

If gi, g2 G and hi, hi G M p are projections such that rank(gi) = rankf^) 
and rank(/ii) = rank(/i2), there are partial isometries u € M g and s 6 M p such that 
5i = vv* , .92 = = ss* and /i 2 = s*s. It is then straightforward to check that 



to /li) = Toip(g 2l h 2 ) 

f o t o k(/q) + """"•'■'"J' 1 • f o /, o . 



rank(5j) rank(/ij) 



9 

As a consequence, we see that 

forfc) = ^y TT 'fo t o K (/ ) + -i T .fo tOK (/ 1 ) 

> — j— - ■ f o i o k(/ ) H 5— -f oioK(fi) - y 

n+1 n+1 k 

1 1 / 1_ _ \ _ 1 

> 2(n+ 1) 2 V2(n+ 1) / J k 

> P 

for i = 1, . . . , n + 1. I 

2.5 Lemma: Lef ^? : .F — > ^4 cm<i g : C™ +1 B be completely positive contractive 
maps; suppose tp is n-decomposable with respect to the decomposition F = ®" =0 Fi 
and g has order zero. 

Then the completely positive contractive map <p : F — > A® B, given by 



<p(x) := ^2 / ip{xl Fi ) <g> g(e i+ i) Vief, 



i=0 

has order zero. 
Proof: Obvious. 
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3. Tracial rank zero 

In this section we recall the notion of tracially AF C*-algebras and provide an 
alternative characterization of when a simple unital C*-algebra with Blackadar's 
second fundamental comparability property is tracially AF. 

3.1 In [H], Lin introduced the notion of tracially AF algebras (or, equivalently, C*- 
algebras of tracial rank zero). In the simple and unital case, the definition reads as 
follows: 

Definition: A simple unital C* -algebra A is said to be tracially AF, if, for 
any finite subset T C A, e > and =/= a E A + , there is a finite- dimensional 
C* -subalgebra B C A with the following properties: 

(i) litis -ls&H <eV6e^ 

(ii) dM(l B bl B ,B) <eV6e T 

(hi) 1a~ Is is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra aAa of A. 

3.2 Recall that a unital C*-algebra A is said to have Blackadar's second fundamental 
comparability property if, whenever p and q are projections in A such that r(p) < 
r(q) Vr <E T(A), then p is Murray-von Neumann equivalent to a subprojection of 
q. In 10 , Corollary 6.15, Lin provided a characterization of when a C*-algebra 
with real rank zero and comparability is tracially AF. For our purposes the following 
slightly different version of Lin's characterization will be more useful. It is probably 
well known; but since we couldn't find an explicit proof in the literature, we include 
one here. 

Lemma: Let A be a simple unital C* -algebra which has the second fundamental 
comparability property; suppose that Ko(A)+ has dense image in the positive con- 
tinuous affine functions on T(A), Aff (T(A))+, and that every hereditary subalgebra 
of A contains a nonzero projection. Then A is tracially AF if and only if there is 
n £ N such that, for any finite subset J- C A ande > 0, there is a finite- dimensional 
C* -subalgebra B C A with the following properties: 

(i) II&Ib-Ib&H <eV6e T 

(ii) dist(l B bl B ,B) < e Vb e T 

(iii) r(l B ) >iVre T(A). 

As for the hypotheses of the preceding lemma, note that if a C* -algebra A has 
comparability and real rank zero, then automatically Kq(A)+ has dense image in 
A&(T(A)) + and every hereditary subalgebra of A contains a nonzero projection. 
Before we turn to the proof of the lemma, we need two more technical results. 

3.3 Recall that any finite-dimensional C*-algebra can be written as the universal 
C*-algebra generated by a set of matrix units with the respective relations. By 
the results of Chapter 14 in ^3], finite-dimensional C*-algebras are semiprojec- 
tive. Equivalently, the defining relations are stable (cf. ^3], Definition 14.1.1 and 
Theorem 14.1.4). As a direct consequence we obtain the following: 

Proposition: Let B be a finite- dimensional C* -algebra. For every 7 > there is 
?9 > such that the following holds: 

Suppose A is another C* -algebra and tp : B — > A is a *-homomorphism. If p G A 



CLASSIFICATION, Z-STABILITY AND DECOMPOSITION RANK 



7 



is a projection satisfying 

\\p<p(b) - tp(b)p\\ <0- \\b\\yo^beB : 
then there is a *-homomorphism <p : B — > pAp such that 

\\<p(b)-j»pQ>)p\\ <i-\\b\\W^beB. 



3.4 Lemma: Let Abe a simple unital C* -algebra which has the second fundamental 
comparability property; suppose that K (A) + has dense image in the positive con- 
tinuous affine functions on T(A). Let a, [3 > and a nontrivial projection p e A 
with r(p) > a + 2/3 Vt G T(A) be given. 

Then, there are s,ieN and *-homomorphisms i : M t © M t +i — > M t+S © M t+ i +s; 
ii : M s © M s — > M t + S © M t+ i +s and k : M t+S © M i+ i +;s — > A sucA i/iai i/ie map 
to + ti is a unital *-homomorphism, 



KL (l Mt + 1m, +1 ) = 1a -P, 

s a 

+P 



t+l 1 

and 

t ■ 6i\(\m 3 ®M s ) < S ■ 6to(lM t 0M t+ i) < (t+l) ■ 0ii(1m s ®m b ) 
for any tracial state 9 on M t + S © M t +\+ s - 

Proof: Let / e Aff(T(A)) + be the image of 1a — p under the canonical map 
r : Kq(A) — » Aff(T(A)). Note that / is nowhere zero since A is simple and any 
tracial state on A is faithful. 

We first show that, for any t <E N, there is a unital *-homomorphism 

v : M t © M t+ i -» (1a - p)A(l A - p) ■ 

By our hypotheses on A, there is a projection e e (1^ — p)A(1a — p) such that 

• f < r(e) < - ■ f ■ 

t+l w i 

From comparison, we now obtain t pairwise orthogonal subprojections of 1a — p 
which arc all Murray-von Neumann equivalent to e; this yields a *-homomorphism 

v:M t (1 A - p)A(l A - p) . 

We have 

r(l A -P- v(l Mt )) = / - t ■ r(e) < r(e) , 
whence there is a partial isometry s G A such that 

s*s < 9(en) 

and 

ss* = 1 A -p-v(l Mt ) ■ 
But now it is straightforward to construct *-homomorphisms 

v-i : M t+1 -> (1 A - p)A(l A - p) 

and 

v : M t -> (1 A -p)A(1a -f>) 

such that 

vi(e t+ i,t+i) = l A -p- v(l Mt ) 
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and 

M e 3j) + = H e u) Vj e {l, . . . ,t} . 

The map v\ is determined by setting ^(et+^i) :— {1a — P~ i'fljfJJs and vi{ej,i) :— 
v(ej,i)s*s for j — 1, . . . , t. v$ is determined by vo{ej,i) := z/(e Ji i)(P(eii) — s* s) for 
j = 1, . . . ,t. The maps vq and j/i have orthogonal images and therefore add up to 
a unital *-homomorphism 

v:M t ® M t +i -» (1a - f>)A(U - p) ■ 



Next, one observes that 



a + 2(3 a + (3 a 

> +P\ 



1 - a -2/3 1 - a -13 
we may therefore fix s, i G N such that 



a + 2(3 s s a 

> 7 > 7 7 > ^ 



l-a-2/3 t i+1 1 
By hypothesis, we have 

t(1 a - p) < 1 - a - 2(3 Vt e T(A) , 

so 

^ • t(1 a - p) < a + 2(3 < t( P ) Vr E T{A) . 

Since 

r(^o(en) + ^i(en)) <-•/=-• r(lA -p) , 

from comparison we obtain s pairwise orthogonal subprojections of p which are all 
Murray-von Neumann equivalent to the projection vo(en) + ^i(en). This clearly 
yields an embedding 

K : M t+S © M t+l+s -> A 
with the desired properties, where to is the sum of the upper left corner embeddings 
and i\ is the sum of the lower right corner embeddings. I 

Proof: (of Lemma l3.2|) If A is tracially AF, the assertion obviously holds with 
any n > 1. Conversely, suppose there is n € R such that the assertion in the 
lemma holds. Let O^ae A+, a finite subset T C A and e > be given. By our 
assumption on A, there is a nonzero projection q S aAa. Set 

?/ := min{r(<7) | r G T(A)} . 

Note that r\ > 0, since T(^4) is compact and the positive function r i— > r{q) is con- 
tinuous and everywhere nonzero (A is simple, hence every tracial state is faithful). 

For i £ N, choose strictly positive numbers Ei such that J^n £ i < £ an d define 



n ' — ' \ n 



note that (1 — a.i)(l — —) = 1 — aj+i, whence 

a 1 

(2) — (l-a i+ i) + (l-ai+i) = l--Vi 

1 — ai n 

and that 

Cki ► 1 . 
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We shall inductively construct finite-dimensional C*-algebras Bi C A, i G N, with 
the following properties: 

a) ||61 Bi -1b,6|| <ELo £ fc V6e ^ 

b) dist(l Bi 61 Bi ,Bi) <Yi k =Q £ kVbeT 

c) r(l B ,)>a,Vrer(4 

Having done so, (i) and (ii) of Definition 13.11 will hold by a) and b), respectively. 
Since oti — > 1, by c) there is if G N such that t(1a — 1b k ) < V- From comparison 
we see that 1a — 1b k is Murray— von Neumann equivalent to q G aAa, whence (iii) 
of EH holds and A is tracially AF. 

We proceed to construct the Bi. Bq obviously exists by assumption. Suppose 
that Bi (satisfying properties a), b) and c)) has been constructed for some i 6 N. 
We show how to obtain B. L+ i. 
First, set 

13:=- min{r(l s ,) -ch\t€ T(A)} , 

then (3 > 0, again since T(A) is compact and the positive function r i— > r(ls i ) — a, 
is continuous and nonzero. 

By Lemma 13.41 there are s, t G N, finite-dimensional C*-algebras D :— M t + S © 
Mt+i+s, Co := M t ©M t+ i and C% := M s ©M s and *-homomorphisms l : Co ^ D, 
l% : C\ — > D and n : D — > v4 satisfying 

(3) 7TT>T^ + ^' 

4 + 1 1 — ctj 

(4) «io(lc ) = 1a - 1b, , 

to(loo) + ti(lci) = Id 

and 

(5) t ■ 9n(l Cl ) < s ■ 6l (1 Co ) < (t + 1) • Mid) 
for any G T(D). In particular, 

(6) kh(1 Ci )<1 Si . 
Set 

T := J 7 UBi(Bi)UBi («(£>)) 
(where Si( . ) denotes the unit ball of a C*-algebra); choose 7 > such that 

(7) 2 7 + p + l) < ,9(1 - a i+1 ) 
and 

(8) 7 7 < e i+1 . 

Choose < d < 7 such that the assertion of Proposition 13.31 holds for both the 
finite-dimensional C*-algebras Bi and D. 

By hypothesis, there is a finite-dimensional C*-algebra F C A such that 

d) \\bl F -l F b\\ <dVbeT _^ 
c) dist(l F 61 F ,F) <tf\/b e F 
f) r(l f )>iVr£T(4 
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By d) in connection with Proposition 13.31 there is a *-homomorphism 

q : Bi -> {1 A - 1f)A(1 a - If) 

such that 

(9) \\g(b) - (1 A - l F )b(l A - 1 F )\\ < 7 - ||b|| V0 ? b G B t . 
Similarly, we obtain a *-homomorphism 

k : D -» (1 A - 1 F )A(1 A - 1 F ) 

such that 

(10) \\k{d) - (1 A - l F ) K (d)(l A - 1 F )\\ < 7 • ||rf|| V0 + d G £> . 
Set 

B s:+1 := © F ; 

we proceed to check that Bi+\ statisfies properties a), b) and c) above (with i + 1 
in place of i). 

First, we have 

\\bl Bi+1 - l Bi+1 b\\ 

\\b(l F + g(l Bz )) - (1 F + g(l Bi ))b\\ 

< \\bg(l Bi ) - g(l Bi )b\\ + \\bl F - l F b\\ 
d)M 

< \\b(l A - l F )l Bi (1 A - 1 F ) - (1 A - l F )l Bi (1 A - l F )b\\ 

+2 7 + i9 

< \\(l A -lp)(bl Bi -l Bi b)(l A -l F )\\ 
+2 7 + 3t9 

k=0 

so a) above holds (with i + 1 in place of i). Next, we check b): 
dist(l Bi+1 bl Bi+1 , B i+1 ) 

= dist((e(l Bi ) + l F )b(g(l Bi ) + l F ),B i+1 ) 
d) 

< dist(e(i Bi )6e(i Bi ) + i F bi F , B i+X ) + 2tf 

< dist(g(l Bi )bg(l Bi ),g(B i )) + dist(l F bl F ,F) + 2'd 

= dist(e(l B4 )(U - If - If M 1 ^), ffW) + dist(lj? 61 F , F) + 2t) 
M 

< dvst(g{l Bi )g(b)g(l Bi ),g(Bi)) + dist{lFblF,F) + ", + 2ti 

b),e) 

fc=0 

< 2^- 

fc=0 

We will not prove c) directly; instead, we assume that 

(11) r(l Bi+1 ) < a i+1 
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for some r £ T(A) to deduce a contradiction. 
We then have 

t((1 a - l F )l Bi {l A - 1 F )) 

13 

> t((1 a -1 f )kl 1 (1 Ci )(1a-1f)) 

> TKtl(l Cl ) - 7 
S ~ ft N 

> rrr " ™- (i Co ) - 7 



eh 

> 



t+i 

s 



> ^TT ' (t((1a " ^W^oXIa - if)) - 7) - 7 



•s 



i9i 



t+1 



•s 



(r((l A - - l Bi )(lA ~ If)) - 7) - 7 



> __.( T (l j4 -l F - e (l fl< ))-27)-7 



•s 



t + 1 



(t(1 a -1 b i+1 )-2 7 )- 7 



an 

> — y • I 1 _ _ 2 7) - 7 



s 



(12) > (— (i_ ai+1 _2 7 )- 7 . 

As a consequence, we obtain 
t(1a-1f) 

T((l A -l F )l Bi {l A -l F )) 
+T((l A -l F )(l A -l Bt )(l A -l F )) 



G2J,® 



a. 



(j^+Z?) (l-a i+ i-2 7 )- 7 
+r(l A - l f - g(lB,))-7 



+ /J (1 - ai+ i - 2 7 ) - 7 



1 -a 
+t(1 a - ls !+1 ) - 7 

HD / a- \ 

+ /3 (l-a i+ i- 2 7 )-2 7 + l-a i+ i 

V 1 - Q-i J 

(1 - a i+1 ) + (1 - ai+i) 



1 - a 

-27 (y^- + /? + l) + 0(1 - ai+i) 

13 O l 

> i - - , 

n 

a contradiction to f). Therefore, is wrong and we have 

r(l Bi+1 ) > a i+ i , 

whence c) holds. 
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Induction now yields finite-dimensional subalgebras Bi C A, i G N, with proper- 
ties a), b) and c). We are done. I 

4. The main result 

4.1 Theorem: Let A be a separable simple unital C* -algebra with finite decom- 
position rank n; suppose A is Z-stable and has real rank zero. Then, A is tracially 
AF. 

4.2 Before turning to the proof, we note the following consequence of Stinespring's 
theorem, which is a standard tool to analyze completely positive approximations of 
nuclear C*-algebras. See |7j, Lemma 3.5, for a proof. 

Lemma: Let A and F be C* -algebras, b £ A a normalized positive element and 
n > 0. If A — — » F -^-> A are completely positive contractive maps satisfying 

[|^(6) -6||, \\^(b 2 )-b 2 \\<T,, 

then, for any =/= x <E F , 

\\tp(i>{b)x) - ^{b)ip(x)\\ < 2^\\x\\. 



Proof: (of Theorem 14. l|l We are going to show that A satisfies the conditions of 
Lemma 13 . 21 with 5(n + 1) in place of n. For convenience, we define 

5(n + 1) 

Let £ > and a finite subset T C A be given. We may assume that the elements of 
T are positive and normalized and that 1a G T . Choose strictly positive numbers 
a, 5 and n such that 

r I 

-f- (X 2 £ 

(14) a + r) + 5 < pL and 2a + 4 < - . 

V 3 

Since dr A = n, there is an n-decomposable completely positive contractive ap- 
proximation (F, -0, ip) for within a. More precisely, there are a finite-dimensional 
C*-algebra F and completely positive contractive maps 

a^Uf^a 

such that 

(15) ||^(W>a)-W>a|| <aV&i,&a G T 

and such that if is n-decomposable with respect to the decomposition F — Fq © 
. . . (QF n . By ProDQsition ll.4l we may even assume that ||^(6i&2) — V'(^i)'0(&2)|| < ot 
for all b\ , 62 G T . 

By Lemma 12.41 there is a completely positive contractive order zero map g : 
C n+1 -> Z such that 

(16) < f (e(e;)) 
for i = l,...,n + l, where 

(17) 0:=2», 
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the again denote the canonical generators of C™ +1 and f is the unique tracial 
state on Z. As in Lemma |2.5I define a completely positive contractive order zero 
map <p : F — > A ® Z by 

?; 

(18) £(sb) :=^v 5 (a;l Fl )® 61 (e l+ i)V0^a;GF. 

From Lemma 1 1.31 we obtain a unital embedding i : F — > F of i* 1 into some finite- 
dimensional C*-algebra F and a discrete order zero map <p : F — > A (g> Z such that 
</5(1f) < <?(1f) and 

(19) ||^(x) — ^ q t(ac)|j < (5- ||x|| VO^ieF. 

Let denote the characteristic function on the interval (77,00). The spectrum 
of f>(lp) is finite because y> has discrete order zero, so 

(20) q:= Xv miF)) 

defines a projection in C*(<p(lp)) C A<S>Z. Let : F — > (A®Z)" be a supporting 
*-homomorphism for As in ll.2l we can define a *-homomorphism <r(= (^ 9 ) : F — » 
A(g)Z by 

(21) cr(a;) := qap(x) V x E F ; 
we have 

(22) <Ki#) = g. 

By functional calculus there is a positive element h S C*(0(1^)) with 

(23) < - 
satisfying 

(24) q = qhip(lp). 
Since ^(x) = <p(lp) crcpix), we have 

(25) (t(.t) = qhtp(x) ; 
moreover, 

(26) [ g ,^(F)] = [/ l) 0(#)] = [g,/z]=O 
byO 

By 12.21 there is a unital *-homomorphism 9 : A® Z — > A satisfying 

(27) \\6{b®l z )-b\\ < ^V&eJ. 

We now define a finite-dimensional C*-subalgebra of ^4 by 

(28) B := 9 o a(F) C A 

and proceed to check that it satisfies properties (i), (ii) and (iii) of Lemma l3~2l 
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For b € T we have 



II [1b, b\ || 



< 



< 
< 

123.111 

< 

CD 



roirrrn 

< 



G3 



123, III 

< 

E3.C3 

< 



2e 

/'•'' 1 'II + y 

y 



9([a(lp), b®l z })\ 
[a(l p ), b®lz]\\ + 

[*(lp),<f»l;(b)®lz]\\ 



2s 



2a 



2s 



[qh(p{l p) , tpif>(b) ®1z]\\ + y + 2a 



2e 



2a 



t+U 



2s „ 25 
— + 2a + — 
3 7? 



[«&,y)(v(lF < V(&)) ® ^( e «+i))H + ^ + 2a+ — + — 
* — ' 3 7] 

2 = ' 



n 



[qh, <ptKb)]\\- 
[qh, m(b)]\\ 



2s „ 25 4a^ 

— + 2a + — + 

3 V V 

2s 2(5 4a 5 

- — + 2a H 1 

3 V V 



26 
V 



£ . 



Similarly, we check that 

||i B 6i B - e*ui>(b) || 
123,123 



< 

G3 

< 

123. IH. El 

< 

G3 



E3C3 H3 

< 

123-113 

< 

123,03,111 

< 



\6(q(b®lz)q-a^(b))\\ + - 

|g(^(6)®li)g-«7t^(6)[[ + | + 

\qh(p(l F )(ipi/j(b) ® l z )g - crtV'WII 

o 

n 
i=0 

\qh(fnp{b)q - <rMb)\\ + | + a + - + ^— 
3 V V 

\qh(ptAp(b)q - <jMb)\\ + f + a + - 
3 ry 



a 



2a2 



(5 

£ 

3 



£ 



Finally, let r € T(^4) be a tracial state on A. Then r o is a tracial state on A <8> Z, 
so it is of the form 
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for some r' £ T(A) (again, r denotes the unique tracial state on Z). We obtain 
r(l B ) IP T6a(lp) 

ED,E3 

(r'®f)(^(lp))-7j 

us 

> (T(g)f)(^(l F ))-77-<5 

^rV(lF i ))-r(^+i))-'?-5 

m « 

i=0 

f3-T'(<p(l F ))-r)-8 

> /3-(l-a)-r)-5 

EMS) 

> 2/i — a — 7/ — S 

m 

Therefore, properties (i), (ii) and (iii) of Lemma \'S. 21 are satisfied. Since A has real 
rank zero and finite decomposition rank, it satisfies Blackadar's second fundamental 
comparability property by [53], Theorem 3.9. Now by Lemma [3.21 A has tracial 
rank zero. I 

4.3 The preceding theorem can be slightly rephrased as follows: 

Corollary: If A is a separable simple unital C* -algebra with real rank zero and 
finite decomposition rank, then A® Z is tracially AF. 

Proof: This follows from Theorems 12.31 and PTT1 | 



5. Classification results 

In this last section we apply Lin's classification theorem for tracially AF algebras 
and results of Elliott (in the ASH case) and Dadarlat, Elliott and Gong (in the AH 
case) to derive some corollaries of Theorem 14.11 

5.1 In [H], Lin has confirmed the Elliott conjecture for the class of simple unital 
tracially AF algebras which satisfy the UCT. As a consequence we have the 

Corollary: Let A and B be separable simple unital C* -algebras with real rank 
zero and finite decomposition rank; suppose A and B satisfy the UCT. Then, A®Z 
and B <g) Z are isomorphic iff their Elliott invariants are. 

5.2 Corollary: Let A be a separable simple unital C* -algebra with real rank zero 
and finite decomposition rank; suppose A® Z satisfies the UCT. Then: 

(i) A® Z is AH of topological dimension at most 3. 

(ii) A® Z is ASH of topological dimension at most 2. 

(iii) dr (A ® Z) is at most 2. 

(iv) A® Z is approximately divisible. 

(v) A is Z-stable iff A is approximately divisible. 
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Proof: (i), (ii) and (iii) follow from results of Dadarlat, Elliott and Gong as 
in [21], Corollary 6.4. By J^|, an AH algebra of bounded topological dimension 
is approximately divisible. Conversely, an approximately divisible C*-algebra is 
Z-stable bv [5U|. I 
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